Abstract. In this paper the polynomial model of shape memory alloy is used to characterise properties of a micro-actuator which is applied as a new middle ear prosthesis. A two degrees of freedom model of the reconstructed middle ear is solve by means of multiple time scales method. The system has various behaviours near the primary resonance depending on ambient temperature. The special case when relative temperature θ = 1.0 characterises untypical resonance curve. Increasing temperature to the normal human body one the resonance curves are typical. Then the system has only one periodic solution if the excitation is not too strong.
Introduction
Shape memory alloys (SMAs) are a family of metals with the ability to change shape depending on their temperature [1] . SMA may exhibit one or two-way shape memory effect which is attractive in various science and engineering applications starting from biomedical and ending to aerospace industry. SMA is used to built thermal actuators, stabilizing mechanisms and so on. SMAs undergo thermo-elastic phase transformations between martensite and austenite induced by temperature or stress. Two variants of the martensitic phase are possible: twinned or detwinned. The conversion from twinned to detwinned martensite takes place by means of loading process. When the loading -unloading process is finished, some amount of residual strain remains, meaning that the reverse transformation from detwinned to twinned martensite is not completed. The shape memory effect appears by heating which activates the transformation from detwinned martensite to austenite. When SMA is stressed at temperatures that are above the austenite transformation temperature an inelastic deformation (hysteresis loop) is observed. This phenomenon is known as pseudoelastic effect [2, 3] .
These thermomechanical properties of SMAs are studied in literature by microscopic or macroscopic models. The microscopic models treat phenomena on a molecular level, therefore the macroscopic phenomenological models are more attractive from practical point of view. In the literature one can find a lot of interesting and thorough description of SMAs [4] [5] [6] [7] [8] [9] [10] and their applications [11] [12] [13] [14] . Different models of SMA give various results depending on nonlinear phenomenon which are taken into account. A comparison of popular SMA models is presented in [15] .
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In this paper the model with polynomial free-energy based on Devonshire theory is used to model SMA micro actuator. Temperature induced phase transition, combined with hysteresis was proposed by Falk [16] and Falk and Konopka [17] . In that model free energy depends on the temperature and the one-dimensional strain. On the other hand, the SMA micro actuator in the form of prosthesis is applied to reconstruct a damaged human middle ear. The prosthesis made of SMA is able to change its shape and length while being heated and remain unchanged after cooling. Therefore, the SMA micro actuator could provide better sound transfer conditions from an outer to an inner ear. The idea of using SMA to build middle ear prosthesis is presented in [18] [19] [20] . However nowadays, a typical middle ear prosthesis is made of titanium. Its size and shape is widely discussed in literature e.g. [21] [22] [23] [24] .
Here, in this contribution an analysis of the reconstructed middle ear (RME) by means of the SMA micro actuator (shape memory prosthesis -SMP) is presented. A two degrees of freedom (2dof) model of the RME is solved analytically with the help of the multiple times scale method (MTSM). Finding the resonance curves at different temperatures is the main goal of the paper.
Modelling
The human middle ear composed of three parts: the outer, the middle and the inner ear. Sound is transmitted from the outer to the inner through the middle ear which is goal of the present analysis. The middle ear consists of three small bones: the malleus, the incus and the stapes connected each other. When the ossicular chain structure is destroyed by inflammatory diseases such as chronic suppurative otitis media or cholesteatoma, the middle ear should be reconstructed. In the medical practice it is called ossiculoplasty (the reconstruction of the middle ear ossicles). For over 50 years, middle ear surgery techniques MATEC Web of Conferences 148, 09001 (2018) https://doi.org/10.1051/matecconf/201814809001 ICoEV 2017 have improved hearing that had been destroyed by various diseases. Numerous procedures are currently used in clinical practice, and a variety of middle ear prostheses made of titanium or titanium alloy are available. Most prostheses can be modified only once they have been prepared. If a prosthesis is too short, it cannot be remodelled. However, prostheses of different sizes can be chosen or tailored by a surgeon to the desired length. Their length can be adjusted by cutting the prosthesis leg. To improve and fasten implementation process we propose a shape memory prosthesis (SMP) that can adjust its size and angulation to the requirements of a particular medical case. The prosthesis can be made of the Nitinol with one-way shape memory effect. It must change its shape while being heated and remain unchanged after cooling. In medical practice, when the middle ear is damaged usually the incus has to be removed to implement a prosthesis between the malleus and the stapes. Therefore 2dof model of reconstructed middle ear is proposed and characterised in Sect. 2.2. The mathematical model of the SMA element is presented in Sect. 2.1.
In the present work, we focus on analytical solutions of the nonlinear system with SME which allows wide range parametric studies for any mechanical and biomechanical systems. However, the detailed investigations are performed for the parameters corresponding to the model of a reconstructed human middle ear.
SMA actuator
The SMA actuator (prosthesis) is modelled by a polynomial dependence developed by Falk [16] . The spring force of the prosthesis can be written as
where A is a cross-section of the prosthesis. The stress σ is described by a polynomial proposed by Falk [16] and used to describe the pseudoelasticity and shape memory effect as well [25] . The stress of the SMA is given by
where, ε is a strain, T means temperature, a and b are positive material constants. T M and T A mean the temperature when martensite (subscript M) and austenite (subscript A) is stable. Finally, after calculations the force of SMA prosthesis is defined as
where, x P and x S mean displacements of the masses in the model presented in Fig.1 .
Middle ear with SMA actuator
The 2dof model of RME consists of two lumped masses, springs and dampers as shown in (Fig.1 ). In the model the stapes (m S ) and the malleus (m M ) are connected each other by the SME (in this case called also as the shape memory prosthesis). The tympanic membrane, the cochlea and the annular ligament stiffness and damping are defined as as a SMA spring (F S MA ) is described by Eq. 3. The differential equations of motion of the system with the SMA micro-actuator take the form
The model is solved analytically by means of the multiple time scales method in Sect. 3
Analytical solution
The dimensional equations of motion (Eq.4) is transformed to the nondimensional, and next the quasi-normal coordinates and linear eigenvalue problem is solved. Then, an approximate analytical solution is determined by means of the multiple time scale method [26] . According to this method the solution is expressed by series of a small parameter ε
Finally, the equation of the resonance curve near the first natural frequency has the form
The more detailed description of the methodology and transformation from dimensional parameters shown in Eqs. (3)- (4) and the dimensionless presented in Eq.(6) can be found in [27] . Eq. (6) is used to draw the primary resonance curves (Fig.2) for two variants of relative temperature θ = 1 and θ = 1.0787 which relates to the normal temperature of the human body. Moreover, the excitation amplitude varies from P 0 to 10P 0 . Black colour depicts stable while red -unstable periodic solutions. For the calculations the following set of parameters is used [27] : When the relative temperature is low θ = 1.0 the system resonance curve is untypical. This is because at θ = 1.0, T − T M = 0. For excitation P 0 a circle appears in the middle. Then two stable solutions are possible. For larger excitation amplitude only one stable solution exists. In case of θ = 1.0787 the system behaves typically. For excitation P 0 the system is fully predictable because it has only one solution, that is important from practical point of view. Larger excitation can lead to two stable solution. This situation is not wanted in the middle ear.
Conclusions
The micro-actuator proposed here as the prosthesis of the human middle ear has various behaviour depending on temperature. The special case when θ = 1.0 characterises untypical resonance curve. Increasing temperature to the normal human body one the resonance curves are typical. Then the system has only one periodic solution if the excitation is not too strong. That is a positive aspect from practical point of view. More examples and information about primary resonance can be found in [27] where the problem of the reconstructed middle ear by means of the shape memory prosthesis is discussed.
